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a b s t r a c t

With the assumptions of Gaussian as well as Gaussian scale mixture models for images

in wavelet domain, marginal and joint distributions for phases of complex wavelet

coefficients are studied in detail. From these hypotheses, we then derive a relative

phase probability density function, which is called Vonn distribution, in complex

wavelet domain. The maximum-likelihood method is proposed to estimate two

Vonn distribution parameters. We demonstrate that the Vonn distribution fits well

with behaviors of relative phases from various real images including texture images as

well as standard images. The Vonn distribution is compared with other standard

circular distributions including von Mises and wrapped Cauchy. The simulation results,

in which images are decomposed by various complex wavelet transforms, show that

the Vonn distribution is more accurate than other conventional distributions. Moreover,

the Vonn model is applied to texture image retrieval application and improves retrieval

accuracy.

& 2010 Elsevier B.V. All rights reserved.
1. Introduction

Many applications in image processing such as image
compression, restoration, synthesis, segmentation and
retrieval can benefit from a statistical model to character-
ize images in transform domains. A clean, precise
probability model which can sufficiently describe typical
images becomes essential. In this paper, a new model for
relative phases of complex directional wavelet coefficients
is proposed for image modeling, and its application in
texture image retrieval is presented.

The statistics of wavelet coefficients have been studied
[1,2] and wavelet coefficients within a subband are often
assumed to be independent and identically distributed.
They can be modeled by a two-parameter generalized
Gaussian density (GGD) [1,3–5]. The GGD is a suitable
ll rights reserved.

: +1 516 562 1008.
distribution for peaky and heavy-tailed non-Gaussian
statistics of wavelet decompositions. Although the GGD
wavelet marginal model is more powerful than the
Gaussian model, it does not take into account the
dependencies between different subbands as well as
between a coefficient and its neighboring coefficients in
the same subband.

Joint statistical models in the wavelet domain [6–9]
then have been developed. A bivariate probability density
function has been proposed to model the statistical
dependencies between a wavelet coefficient and its
parent [9]. The wavelet coefficients within each local
neighboring are characterized by Gaussian scale mixture
model (GSM), which can capture behaviors of marginal
distributions of wavelet coefficients and correlations in
their local amplitudes [8]. The hidden Markov model with
a two-state hidden multiplier variable was introduced in
[6,7] to capture key features of a joint probability density
of wavelet coefficients. A continuous multiplier variable
has been proposed to governed the local variance
[10,11,8,12]. In [8,13], the authors developed a model
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for neighborhoods of oriented pyramid coefficients based
on a GSM model which is a product of a Gaussian random
vector and an independent hidden random scalar multi-
plier. This model can account for both marginal and
pairwise joint distributions of wavelet coefficients.

In most of the above statistical models, only the real
part or the magnitude of wavelet coefficients is modeled
and used for image processing applications. One of the
earliest works that point out the importance of phase
information is [14], with the famous example where the
main image structure is reconstructed by using only
phases of Fourier coefficients. Phases hold crucial infor-
mations about image structures and features. The higher-
order Fourier statistics have been then applied to examine
the phase structure in natural images [15]. Image features
such as edges and shadows are determined by analyzing
phases of harmonic components [16] or computing the
phase congruency [16–18]. At the points of isolated even
and odd symmetric features such as lines and step edges,
arrival phases of Fourier harmonics are identical [16,19].
The phase congruency matrix provides a quantitative
measure of the significance of an edge at each pixel of
images, and yields a high quality in edge detection [17].
The importance of the phase of wavelet coefficients in the
dual-tree complex wavelet transform is also presented in
[20]. Some previous works have used Gabor phases in
image classification applications such as iris and palm-
print identification [21,22] and face recognition [23].
These methods are based on the quadrant bit coding
(QBC) extracted from complex Gabor coefficients. Each
pixel in each subband will be encoded to two bits
according to the quadrant in which the Gabor phase
angle lies.

Some other applications exploit local phase informa-
tions across scales of complex wavelets such as descrip-
tion of texture images [12], detection of blurred images
[24], object recognition [25] and face recognition [26]. In
[12], local phase behaviors are captured by cross-correla-
tions of complex coefficients of bands at adjacent scales
(fine-scale and coarse-scale), and this statistical measure-
ment distinguishes edges from lines and helps in
representing gradients due to shading and lighting effects.
In [24], a local phase coherence relationship across scales
and spaces has been suggested and phases of the finest
scale coefficients can be well predicted from phases of the
coarser scale coefficients. The disruption of this local
phase is an effective measure for blur detection [24].
Across scale relationships are also captured using a
modified product of coefficients at adjacent scales and
have been used in [25,27]. Another investigation of local
phases in the same orientation and the same scale is
based on the dual-tree complex wavelet transform
(DTCWT) [28] and the complex directional filter bank
(CDFB) [29]. The feature orientations are determined by
the phase difference between adjacent coefficients in six
fixed directional subbands [28] and in 2n directions [30].

The relative phase of complex wavelet coefficients has
been studied and two standard circular distributions
including von Mises and wrapped Cauchy have been
proposed for relative phase distribution in [31]. Von Mises
distribution fits well with the relative phase probability
density functions (pdf) which are in Gaussian shapes.
However, it is not accurate enough to model peaky and
heavy-tailed pdfs. On the contrary, wrapped Cauchy
distribution fits well with peaky and heavy-tailed pdfs
while it does not fits well with relative phase pdfs in
Gaussian shapes [31]. In this paper, marginal and joint
distributions of phases of complex wavelet coefficients
are studied with the assumptions of Gaussian as well as
Gaussian scale mixture models (GSM). We then derive a
relative phase pdf called Vonn distribution in Section 2
with the assumption of Gaussian model. The Vonn
distribution is proved to be also true with the GSM model
in Section 3. In Section 4, we present an algorithm
maximizing the likelihood of data under the model to
estimate Vonn parameters. Section 5 details a comparison
of the Vonn distribution with von Mises and wrapped
Cauchy distributions in different complex wavelet
transforms. Finally, Section 6 presents the texture image
retrieval application and simulation results. The prelimin-
ary version of this work is partially described in [32].

2. Derivation of the Vonn distribution of relative phases
based on Gaussian model

Our objective is to find a statistical model which is able
to accurately capture phase information in the complex
wavelet domain, and is also able to sufficiently describe
natural images. In this section, with the assumption that
distributions of real and imaginary coefficients are two
real Gaussian distributions, we study the probability
distribution of complex coefficients and the joint
distribution of two neighboring phases. From the study
results, we then derive a probability density function for
relative phases within a particular subband.

2.1. Complex Gaussian distribution of complex wavelet

coefficients

By construction of the complex wavelet, each pair of
corresponding filters have the Hilbert transform relation-
ship [33]. Therefore, an equivalent directional complex
filter for each subband has a one-sided frequency support,
and outputs of complex filters are complex coefficients.
We assume that real and imaginary coefficients in each
subband are normally distributed. This assumption will be
relaxed to cover a much broader class of distributions in
the next section.

Let z¼ ðz1,z2Þ
T be a complex random vector, where z1

represents the reference coefficient, z2 represents the
neighboring coefficient and z¼ xþ jy. Hence, x¼ ðx1,x2Þ

T

and y¼ ðy1,y2Þ
T are two real random vectors normally

distributed with a joint density functions p(x,y). Since
complex directional filters are bandpass, their DC compo-
nent is equal to zero. As a result, E½xn� ¼ 0, E½yn� ¼ 0 and
E½zn� ¼ E½xn�þ jE½yn� ¼ 0, where E½�� is the expectation
operator and n=1,2. Since each pair of complex
directional filters have the Hilbert transform relationship,
E½x2

n� � E½y2
n�. Therefore E½zzT � � 0. Furthermore, Cz ¼ E½zzH�

is defined as the complex covariance matrix. In these
expressions, the superscript T denotes transposition, the



A. Vo et al. / Signal Processing 91 (2011) 114–125116
superscript H denotes complex conjugate transposition,
and j¼

ffiffiffiffiffiffiffi
�1
p

.
By definition, Cz is positive definite and Hermitian

symmetric, hence, its inverse exists. Then p(x,y) can be
written as a function of z such as pðx,yÞ � pðzÞ, where p(z)
is a real-valued function of a complex vector z. The
density function p(z) is commonly referred to as the
complex Gaussian density function and can be written as
[34,35]

pðzÞ ¼
expð�zHC�1

z zÞ

p2detðCzÞ
: ð1Þ

2.2. Marginal distribution of phases

In stead of decomposing z into Cartesian coordinates,
we can write it in terms of polar coordinates. In 1-D case,
let z¼ z1 ¼ r1ejy1 . In each subband, complex wavelet
coefficients have zero mean, i.e. E½z1� ¼ 0, and their
covariance Cz ¼c11. Then we have the joint distribution
of r and H, pðr,HÞ ¼ r1pðzÞ as

pðr1,y1Þ ¼
r1

pc11

exp �
r2

1

c11

� �
: ð2Þ

Hence the marginal distribution of phases can be given by

pðy1Þ ¼

Z 1
0

r1

pc11

exp �
r2

1

c11

� �
dr1

¼
1

2p
: ð3Þ

The uniform distribution of phases agrees with
observation in [31].

2.3. Joint distribution of two neighboring phases

From the complex Gaussian model (1), we investigate
behaviors of a joint distribution of two neighboring
phases in the complex wavelet domain. Let

z¼ ðz1,z2Þ
T
¼ ðr1ejy1 ,r2ejy2 Þ

T
¼ rejH, where z1 represents

the reference coefficient, z2 represents the neighboring

coefficient and (r, H) are the polar coordinates of z. Hence,
−2

0

2

−2
0

2
0

0.05
0.1

θ2

0.0
0

θ 1

Fig. 1. The empirical joint distribution of two neighboring phases and the joint

subband in the curvelet domain for the texture image ‘Misc.0002’. (a) Empirica
we have the joint distribution pðr,HÞ ¼ r1r2pzðzÞ [35] as

pðr1,r2,y1,y2Þ ¼ r1r2
expð�zHC�1

z zÞ

p2detðCzÞ
: ð4Þ

In each subband, complex wavelet coefficients have zero

mean and their covariance Cz ¼ E½zzH� ¼ ½
c11
c�12

c12
c22
� ¼U�1.

The matrix Cz is a positive definite Hermitian matrix, so its

inverse U exists. Let U¼ ½j11
j�

12

j12
j22
�, where j12 ¼ jj12je

jmj ,

and the superscript � denotes complex conjugate. Then

zHC�1
z z¼ r2

1j11þr2
2j22þ2 Re½r1r2jj12je

jðy1�y2�mjÞ�. Hence

the joint distribution of two neighboring phases can be
written as

pðy1,y2Þ ¼ p�2jdetðUÞj
Z 1

0

Z 1
0

r1r2exp½�ðr2
1j11þr2

2j22Þ�

�expð�2r1r2jj12jcosðy1�y2�mjÞÞdr1 dr2

¼
1�l2

4p2ð1�c2Þ
1�

ccos�1ðcÞffiffiffiffiffiffiffiffiffiffiffiffi
1�c2
p

� �
, ð5Þ

where c¼ lcosðy1�y2�mþpÞ, the correlation coefficient

l¼ jj12j=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij11j22
p

¼ jc12j=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c11c22

p
, m¼+c12 ¼ mjþp,

and + denotes phase. Fig. 1 shows that behaviors of the
model (5) look very similar to the empirical joint
distribution of neighboring phases.

2.4. Vonn distribution of relative phases

A relative phase at a spatial location (i,j) within a
particular complex subband is defined as the phase
difference of two adjacent complex wavelet coefficients
[31], e.g.,

yði,jÞ ¼+zði,jÞ�+zði,jþ1Þ,

or yði,jÞ ¼+zði,jÞ�+zðiþ1,jÞ, ð6Þ

where z(i,j) is the coefficient at position (i,j). It is noted
that to handle circularity of phases, +z returns the phase
angle, in radian, for complex coefficient z. The angles lie
between 7p.

Theorem 2.1. If the coefficients in a complex wavelet

subband are characterized by a complex Gaussian, then the
θ2

−2

0

2

−2
0

2

0
5
.1

θ 1

density function with m¼ 0:15,l¼ 0:74 at a particular complex wavelet

l distribution and (b) model.
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probability density function for relative phases of complex

coefficients in this subband will be

pðyÞ ¼
1�l2

2pð1�c2Þ
1�

ccos�1ðcÞffiffiffiffiffiffiffiffiffiffiffiffi
1�c2
p

� �
, ð7Þ

where c¼ lcosðy�mþpÞ, �pry,mrp, and 0rlr1.

Proof. If the coefficients in a complex wavelet subband
are characterized by a complex Gaussian, the joint
distribution pðy1,y2Þ is given in (5). A relative phase can
be considered as y¼ y1�y2, where y1 is the phase of the
reference coefficient at location (i,j) and y2 is the phase of
the nearest neighbor coefficient at location (i,j+1) or
(i+1,j). Therefore, the distribution of relative phases y is
given by a pdf which we called Vonn distribution as
follows:

pðyÞ ¼
Z p

�p
pYðyþy2,y2Þdy2 ¼

1�l2

2pð1�c2Þ
1�

ccos�1ðcÞffiffiffiffiffiffiffiffiffiffiffiffi
1�c2
p

� �
: &

The Vonn density function of relative phases y in (7)
with various values of l and m are depicted in Fig. 2. The
Vonn distribution is unimodal with two parameters m and
l, and is symmetrical about y¼ m. m is the mean direction
and l is the correlation parameter. The larger the value of
the correlation parameter l, the denser the clustering
around m. Note that pðy;m,lÞ and pðyþp;m,�lÞ are the
same distribution. For our model, we set the values of l to
be non-negative, and the range of y is ½�p p�. It is noted
that the range of usual principal value of arccosðcÞ is ½0 p�.
The maximum-likelihood (ML) estimator for the Vonn
distribution will be discussed in Section 4.

3. Derivation of the Vonn distribution of relative phases
based on Gaussian scale mixture model

In Section 2, we proposed the density function in (7)
for relative phases within a particular subband with the
assumption that the distributions of real and imaginary
coefficients are Gaussian. However, this assumption
is often not realistic. A more widely acceptable model is
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Fig. 2. Distributions of relative phases: (a) l¼ ½0:1,0:2, . . . ,0:
Gaussian scale mixture (GSM) [8], which is a product of a
real Gaussian random vector and an independent hidden
random scalar multiplier. Real wavelet coefficients are
linked indirectly by their shared dependency on a hidden
multiplier. Hence, the GSM model can describe the shape
of real wavelet coefficient distributions and the correla-
tion between neighbor coefficients. In this section, we will
derive a probability density function for relative phases
with the assumption that real and imaginary coefficients
are modeled by two GSM models [8,13,36].
3.1. Complex Gaussian scale mixture for complex coefficients

The complex directional filters produce real coeffi-
cients x and imaginary coefficients y which are character-
ized by a GSM model. It is assumed that x¼

D ffiffiffi
v
p

ur and
y¼

D ffiffiffi
v
p

ui. Then z¼
D ffiffiffi

v
p

u, where z¼ xþ jy and u¼ urþ jui.
Since the distribution of the real part x is GSM, pðxjvÞ is
Gaussian. Similarly for the imaginary part y, pðyjvÞ is also
Gaussian. Thus from Section 2.1, the distribution of
complex wavelet coefficients z will be complex Gaussian
when it is conditioned on v as follows:

pðzjvÞ ¼
expð�zHC�1

zjvzÞ

ðpÞNdetðCzjvÞ
, ð8Þ

where the covariance matrix Czjv ¼ vCu, Cu ¼ E½uuH� is the
complex covariance matrix of u, and N is the dimension-
ality of z and u.

The distribution of vector u is a complex Gaussian and
the scalar real variable

ffiffiffi
v
p

has some distribution on ð0,1Þ
with a density pðvÞðv40Þ. z¼

D ffiffiffi
v
p

u is referred as the scale
mixtures of complex Gaussians (CGSM) [37] as follows:

pzðzÞ ¼
Z

expð�zHðvCuÞ
�1zÞ

ðpÞNdetðvCuÞ
pðvÞdv: ð9Þ

Similar to the GSM model, the probability density of the
multiplier v can be found as in [13].
−3 −2 −1 0 1 2 3
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08
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9� and m¼ 0, (b) l¼ 0:5 and m¼ ½�p,�3p=4, . . . ,3p=4�.



Table 1
Average relative entropy of Vonn model and histogram, as a fraction of

the total entropy of the histogram (DH=H) in curvelet domain.
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3.2. Joint distribution of two neighboring phases

The coefficients z¼ xþ jy within each local neighbor-
hood around a reference coefficient of a complex subband
are characterized by a CGSM model. Now we consider the
case of N=2 with z¼ ðz1,z2Þ

T and

pðr1,r2,y1,y2jvÞ ¼ r1r2

expð�zHC�1
zjvzÞ

ðpÞ2detðCzjvÞ
, ð10Þ

where zn ¼ rnejyn , n = 1,2, and the covariance

Czjv ¼ E½zzHjv� ¼ vCu ¼ v½c11
c�12

c12
c22
� ¼U�1.

Hence the joint density of neighboring phases when
conditioned on v can be written as

pðy1,y2jvÞ ¼ p�2jdetðUÞj
Z 1

0

Z 1
0

r1r2exp½�ðr2
1j11þr2

2j22Þ�

�expð�2r1r2jj12jcosðy1�y2�mjÞÞdr1 dr2

¼
1�l2

4p2ð1�c2Þ
1�

ccos�1ðcÞffiffiffiffiffiffiffiffiffiffiffiffi
1�c2
p

� �
,

where c¼ lcosðy1�y2�mþpÞ, l¼ jj12j=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij11j22
p

¼

jvc12j=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2c11c22

p
and m¼+vc12 ¼ mjþp. Since v is real

and non-negative, l and m are independent from v. Hence

pðy1,y2Þ ¼

Z
pðy1,y2jvÞpðvÞdv¼

1�l2

4p2ð1�c2Þ
1�

ccos�1ðcÞffiffiffiffiffiffiffiffiffiffiffiffi
1�c2
p

� �
:

3.3. Vonn distribution of relative phases

Texture (Vistex) Subbands Subband size Bins DH=H

640 subimages 3840 64�64 32 0.0021

40 subimages 240 128�128 64 0.0011

40 images 240 256�256 128 0.0006

Lena 6 256�256 128 0.0007

Barbara 6 256�256 128 0.0026

Boat 6 256�256 128 0.0015

Fingerprint 6 256�256 128 0.0003

Peppers 6 128�128 64 0.0015

House 6 128�128 64 0.0027

Cameraman 6 128�128 64 0.0019
Theorem 3.1. If the coefficients in a complex wavelet

subband are characterized by the scale mixtures of complex

Gaussians (CGSM), then the probability density function for

relative phases of complex coefficients in this subband will be

pðyÞ ¼
1�l2

2pð1�c2Þ
1�

ccos�1ðcÞffiffiffiffiffiffiffiffiffiffiffiffi
1�c2
p

� �
, ð11Þ

where c¼ lcosðy�mþpÞ, �pry,mrp and 0rlr1.
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Fig. 3. Vonn distributions of relative phases fitted to empirical histograms at

estimated parameter values, and the relative entropy DH (Kullback–Leibler di

the histogram entropy H (with 90 bins). (a) Fabric.0017, ½m,l� ¼ ½�1:98,0:77�, D
(c) Brick0004, ½m,l� ¼ ½2:68,0:64�, DH=H¼ 0:00023.
Proof. When the coefficients of a complex subband are
characterized by a complex Gaussian or a CGSM model,
the joint distributions of neighboring phases in (5) and in
(11) are identical and independent from v. So the
distribution of relative phases shown in (7) is also true
with the assumption of CGSM model.

The Vonn distribution in (7) fits very well with the
distribution of relative phases in complex subbands. Fig. 3
shows an empirical relative phase histogram in a
particular complex wavelet subband for three different
images, along with the best fitting of the Vonn
distribution. Fitting was performed by maximizing the
likelihood function of relative phase samples within a
subband (see Section 4).

We also show the relative entropy DH (KLD) between
the histogram and the model divided by the histogram
entropy H in Table 1. It is clear that the Vonn distribution
fits very well in the 40 Vistex textures with the size
of 256�256, the Lena and Fingerprint images with
the average of DH=H¼ 0:0007, 0:0008 and 0.0003,
respectively. For other images in Table 1, the
performance of the fitted model is still acceptable with
DH=Ho0:0027. It is noted that the images in Fig. 3 and
Table 1 are decomposed by the uniform discrete curvelet
transform (UDCT). The UDCT in our simulations has four
0 1 2 3
 (Rad)

−3 −2 −1 0 1 2 3
0
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0.015
0.02
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0.035

phase (Rad)

a particular finest complex wavelet subband. Below each plot are the

vergence—KLD) between the histogram and the model, as a fraction of

H=H¼ 0:00018, (b) Stone.004, ½m,l� ¼ ½�0:04,0:71�, DH=H¼ 0:00009, and
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directional scales, with N = 6 at each scale. It is a modified
version of discrete curvelet transform [38]. For detailed
construction of the UDCT, the reader is referred to [39].
3.4. An extension of definition for relative phase

In this section, we extend the definition of relative phase
and prove that the Vonn distribution can be used to model
for general relative phase. The relative phase is the phase
difference of two complex wavelet coefficients within a
local neighboring in the same subband or in two different
subbands. The previous definition [31] in Section 2.4 is a
special case when two complex coefficients are adjacent. In
the general case, the relative phase can be given by

yði,jÞ ¼+zði,jÞ�+zðiþdi,jþdjÞ, ð12Þ

where z(i,j) is the coefficient at position (i,j), and di, dj are
the distances between two coefficients in row and in
column, respectively, e.g., di = 4, dj = 0, or di = 2, dj = 8.

In Eq. (10), if y1 is the phase of a reference phase at
location (i,j), and y2 is the phase of a neighboring
coefficient at location (i+di,j+dj), then the relative phase,
y¼ y1�y2, has the probability density function as in (11).
Some histograms of relative phase in the same subband
and fitted models corresponding to various values of
distance dj are shown in Fig. 4(a)–(c). When the distance
−3 −2 −1 0 1 2 3
0
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0

0
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Fig. 4. Vonn distribution of relative phase fitted to the empirical histograms at

plot, the estimated parameter values, and the relative entropy DH=H are shown
dj increases, the correlation parameter l decreases, and
vice versa. This conclusion is consistent with the
correlation between two coefficients. If the distance dj is
smaller, the correlation between them is higher. Therefore
l is larger and the relative phases clustering around m is
denser. The distribution in Fig. 4(c) with dj = 4 is flatter
than the distributions with dj = 1 and 2 in Fig. 4(a) and (b),
respectively. We also show the histogram of relative
phase for parent and children coefficients in two scales at
the same direction and fitted model in Fig. 4(d). The Vonn
distribution in (11) fits well with the distribution of
relative phases with different distances dj in the same
subband as well as in two different subbands.
4. Maximum likelihood estimator for Vonn distribution
of relative phase

In this section we describe how to estimate two
parameters of the Vonn distribution using the
maximum-likelihood estimator (ML). Let y1,y2, . . . ,yn be
a set of observations from a Vonn distribution with
parameters m and l, then y1,y2, . . . ,yn are i.i.d. with pdf

pðyÞ ¼
1�l2

2pð1�c2Þ
1�

ccos�1ðcÞffiffiffiffiffiffiffiffiffiffiffiffi
1�c2
p

� �
, ð13Þ

where c¼ lcosðy�mþpÞ.
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The likelihood function is given by

Lðm,ljy1,y2, . . . ,ynÞ ¼
Yn

i ¼ 1

pðyi;m,lÞ, ð14Þ

and its logarithm

lðm,ljy1,y2, . . . ,ynÞ ¼ logL, ð15Þ

where m and l are parameters to be estimated as follows:

½m̂ l̂� ¼ argmax½m l�

Xn

i ¼ 1

logpðyi;m,lÞ, ð16Þ

l̂ ¼ argmaxl

Xn

i ¼ 1

logpðyi;m,lÞ: ð17Þ

Differentiating (15) with respect to m and l, and
equating to zero, we obtain the likelihood equations

f ðmÞ ¼ @lðm,ljy1,y2, . . . ,ynÞ

@m
¼ 0, ð18Þ

gðlÞ ¼
@lðm,ljy1,y2, . . . ,ynÞ

@l
¼ 0: ð19Þ

These equations can be solved numerically to find the
parameters m and l. However, it should be noted that the
parameter m can be also estimated by the mean direction

m̂ ¼ arctan

Pn
i ¼ 1 sinðyiÞPn
i ¼ 1 cosðyiÞ

, ð20Þ

where arctan is the four-quadrant inverse tangent. There-
fore, to simplify the estimation problem, we propose
using mean direction to estimate m and using the Newton
Raphson iterative method to find solution for gðlÞ ¼ 0
with m¼ m̂.

Substitute m̂ into (19), the Newton iteration can be
stated as

l½kþ1�
¼ l½k��

gðl½k�Þ

guðl½k�Þ
: ð21Þ

We derive gðlÞ and guðlÞ in Appendix A. They are given by

gðlÞ ¼
Xn

i ¼ 1

hðl,�1Þþhðl,þ1Þ�1:5½hðl,�xiÞþhðl,xiÞ�þ
buðl,xiÞ

bðl,xiÞ
,

ð22Þ

guðlÞ ¼
Xn

i ¼ 1

�½h2ðl,�1Þþh2ðl,þ1Þ�þ1:5½h2ðl,�xiÞ

þh2ðl,xiÞ�þ
b00bu�bu2

b2ðl,xiÞ
, ð23Þ

where

xi ¼ cosðyi�m̂þpÞ, hðl,xiÞ ¼
xi

1þlxi
, ð24Þ

bðl,xiÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�l2x2

i

q
�lxicos�1ðlxiÞ, ð25Þ

buðl,xiÞ ¼�xicos�1ðlxiÞ

and

b00ðl,xiÞ ¼
x2

iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�l2x2

i

q : ð26Þ
We propose using the correlation coefficient as a good
initial value for the root of gðlÞ as follows:

l½0� ¼
jc12jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c11c22

p , ð27Þ

where the covariance of complex wavelet coefficients in a

subband is Cz ¼ ½
c11
c�12

c12
c22
�.

With the initial value l½0� as in (27), our ML estimator
converges with a few number of iterations. In a practical
implementation, we fit 3840 subbands using the ML
estimator. The simulation results showed that the average
number of iterations is around 5, and it takes about 0.03
(s) to estimate two Vonn parameters. To verify the
accuracy of Eq. (20), we generate a Vonn random variable
with two known parameters and use Eq. (20) to estimate
m. The error is less than 0.1%. It is possible to solve for both
parameters by numerical method. However, the number
of iterations to solve for both parameters is higher than
for one and the time to estimate two parameters is also
higher because more computations are involved.

5. A comparison of von Mises, wrapped Cauchy and Vonn
distributions for relative phase

In this section, the Vonn distribution is compared with
von Mises and wrapped Cauchy distributions which have
been proposed for relative phases in [31]. We also
evaluate the Vonn distribution for different complex
wavelet transforms including dual-tree complex wavelets
(DTCWT) [40], complex directional filter banks (CDFB)
[30] and uniform discrete curvelet transform (UDCT) [39].

5.1. Von Mises distribution

An angular random variable y has the von Mises
distribution (VM) with the parameters m and n VMðm,nÞ
[41,42] if its probability density function (PDF) has the form

pðy;m,nÞ ¼ 1

2pI0ðnÞ
encosðy�mÞ, ð28Þ

where I0 denotes the modified Bessel function of the first
kind and the zero-th order which can be defined by
I0ðnÞ ¼ ð1=pÞ

R p
0 encosydy. The von Mises density functions

in (28) with various values of n are depicted in Fig. 5(a).
The parameters of the von Mises distribution are
estimated using maximum-likelihood as in [41].

5.2. Wrapped Cauchy distribution

The wrapped Cauchy (WC) distribution is obtained by
wrapping the Cauchy distribution on the real line with
density around the circle. It has the probability density
function [41,42]

pðyÞ ¼
1

2p
1�r2

1þr2�2rcosðy�mÞ
, �pryrp, ð29Þ

where r¼ e�s. The wrapped Cauchy density functions in
(28) with various values of r are depicted in Fig. 5(b). The
maximum likelihood estimation for this model can be
obtained by a recursive algorithm [42].
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5.3. Comparison results

The von Mises, wrapped Cauchy and Vonn distributions
fit well with the marginal distribution of the RPs at a
subband of the Lena image shown in the first row of Fig. 6
with DH=H¼ 0:0009,0:0008 and 0.0002, respectively.
However, for a subband of the Boat image, the von Mises
distribution cannot capture the peaky and heavy-tailed
distribution as shown in the second row of Fig. 6 with
DH=H¼ 0:0209. While the Vonn model precisely describes
the histogram of relative phase with DH=H¼ 0:001. For
both examples, the wrapped Cauchy distribution is rather
accurate to capture the histograms of relative phases.
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However, when compared with the Vonn model, the
wrapped Cauchy model is less precise. The Vonn fitting
was performed by maximizing a likelihood function
proposed in Section 4. In Fig. 6, the images are
decomposed by the UDCT transform.

We also evaluate three relative phase distributions for
many real images including texture images as well as
standard images, which are decomposed by various
complex wavelet transforms such as the DTDWT [40],
CDFB [30] and UDCT [39]. The data for evaluation and
their information such as the number of subbands, size
of subband and number of bins are in Table 1. The
simulation results in Table 2 show that for most of the
0 2 −2 0 2
0

0.01

0.02

0.03 ΔH/H = 0.0002

0 2 −2 0 2
0

0.02

0.04

0.06

0.08
ΔH/H = 0.0010

θ (Rad)ad)

θ (Rad)ad)

at a particular finest complex wavelet subband. In each plot, the relative

is the Boat image. (a) Von Mises, (b) wrapped Cauchy and (c) Vonn.

1 2 3
 (Rad)

0.7
0.6
0.5
0.4
0.2
0.1
0.05

−3 −2 −1 0 1 2 3
0

0.01

0.02

0.03

0.04

0.05

phase (Rad)

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

y distribution with r¼ ½0:05,0:1, . . .0:7�, and (c) Vonn distribution with



A. Vo et al. / Signal Processing 91 (2011) 114–125122
tested images, the Vonn model is much more accurate
than the von Mises and wrapped Cauchy distributions. For
only several images, the accuracy of the Vonn model
approximates the von Mises.

We observe that the von Mises distribution only fits
very well with the relative phase pdf which has the
Gaussian shape and the wrapped Cauchy only fits very
Table 2

Average relative entropy of model and histogram (DH=H) for Von Mises,

wrapped Cauchy and Vonn distributions in various complex wavelet

domains.

Texture (Vistex) Von Mises Wrapped Cauchy Vonn

Dual-tree complex wavelet transform

640 subimages 0.0042 0.0027 0.0024
40 subimages 0.0028 0.0015 0.0014
40 images 0.0020 0.0010 0.0008
Lena 0.0006 0.0011 0.0008

Barbara 0.0013 0.0017 0.0013
Boat 0.0020 0.0025 0.0023

Fingerprint 0.0014 0.0007 0.0003
Peppers 0.0013 0.0020 0.0016

House 0.0024 0.0018 0.0017
Cameraman 0.0019 0.0022 0.0020

Complex directional filter bank

640 subimages 0.0139 0.0065 0.0033
40 subimages 0.0110 0.0042 0.0016
40 images 0.0086 0.0029 0.0009
Lena 0.0024 0.0022 0.0006
Barbara 0.0026 0.0042 0.0023
Boat 0.0044 0.0031 0.0013
Fingerprint 0.0098 0.0029 0.0004
Peppers 0.0045 0.0028 0.0020
House 0.0043 0.0073 0.0046

Cameraman 0.0033 0.0025 0.0012

Uniform discrete curvelet transform

640 subimages 0.0103 0.0045 0.0021
40 subimages 0.0078 0.0031 0.0011
40 images 0.0060 0.0024 0.0006
Lena 0.0015 0.0015 0.0007
Barbara 0.0023 0.0047 0.0026

Boat 0.0041 0.0019 0.0015
Fingerprint 0.0092 0.0029 0.0003
Peppers 0.0029 0.0023 0.0015
House 0.0019 0.0052 0.0027

Cameraman 0.0043 0.0027 0.0019
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640 texture images of size 128�128. (a) nFVon Mises, (b) rFwrapped Cauc
well with the relative phase pdf which has the peaky and
heavy-tailed shape, while the Vonn distribution do well
both peaky, heavy-tailed and Gaussian-shaped pdfs. The
last row in Table 2 presents the average DH=H of all tested
images. It is clear that compared with the von Mises and
the wrapped Cauchy distributions, the Vonn distribution
is much better in fitting model for relative phase of
complex wavelet coefficients.

5.4. Range of estimated parameter in Vonn model

It is of interest to know the common range for the
values of l in Vonn model for texture images as well as of
n in von Mises model and of r in wrapped Cauchy model.
Fig. 7 shows the histograms of the estimated parameters
for 3840 finest subbands of size 64�64 from 640 texture
images of size 128�128 described in Section 6.3. When
the UDCT is used to decompose texture images, most of
estimated von Mises model parameters n parameter are
from around 1 to 3. The r values of the wrapped Cauchy
model are from 0.45 to 0.65, while the l values of the
Vonn model are from 0.55 to 0.8.

6. Application to texture image retrieval

In this section, the Vonn model is applied to texture
image retrieval. In the first experiment, a comparison of
various features such as energy feature [43], GGD-based
feature [44], relative phase feature [29] and our relative
phase feature using Vonn distribution in texture retrieval
is presented. In the second experiment, the performance
of our proposed method is also compared with the
performances of different state-of-the-art methods.

6.1. Proposed Vonn feature for texture image

Since the Vonn distribution fits very well with relative
phase distributions of complex wavelet coefficients, we
propose using the Vonn model for texture image retrieval
application. Two Vonn parameters will be estimated for
each subband. Fig. 8 shows two sample subimages and
their extracted features m and l are also shown in Table 3.
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ped Cauchy) and l (Vonn) of 3840 finest subbands of size 64�64 from

hy and (c) lFVonn.



Fig. 8. Two subimages: Grass.0001 and Leaves.0010 with the size of

128� 128 from the VisTex databases.

Table 3
Some examples of the proposed features using Vonn distribution.

Image m4 m5 m6 l4 l5 l6

Grass.0001 �2.13 0.01 2.20 0.67 0.72 0.65

Leaves.0010 �1.66 0.07 1.68 0.80 0.80 0.81

Grass.0001 and Leaves.0010 images are used.
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With the same subband, the images have the Vonn
distributions with different parameters, e.g. at subband
4, the Grass.0001 has the center at m4 ¼�2:13, while the
Leaves.0010 has the center at m4 ¼�1:66. The Vonn
distribution of the Leaves.0010 is more peaky with the
peak of 0.15 than that of the Leaves.0011 with the peak of
0.10 at subband 4. It is clear that the distinction between
two different types of textures can be captured and
recognized by the Vonn distribution. The proposed Vonn
feature provides statistical information of relative phases
for subbands and can be used to discriminate textures.
Therefore, the Vonn parameters will be used as an
additional feature for texture image retrieval.

6.2. Texture feature extraction

Each image in the database is decomposed by the
following three decompositions: the UDCT, the 2-D Gabor
transform and the CDFB. The Gabor wavelet and the UDCT
are applied with four scales and six orientations per scale,
while the CDFB has three scales of eight orientations. For
each subband, the mean and standard deviation of
absolute values of the coefficients are calculated as in
[43]. The relative phase (RP) feature which includes
circular means and standard deviations of relative phases
are computed as in [29], the GGD features are estimated
as in [44] and the GGD-WC features are estimated as in
[31]. To construct the Vonn based feature vector, the
relative phase matrix of each complex subband in
the curvelet domain is created as in (12). For each relative
phase matrix, two parameters m and l of the Vonn
are estimated by fitting the histogram and the Vonn
distribution (7). These parameters are used to form the
Vonn model based feature vector.

In order to obtain a feature vector which has the same
dimension as that of the Gabor [43], the CDFB-RP [29] and
the GGD-WC [31], the GGD-Vonn feature vectors are
formed by 12 features of the Vonn model from the
finest scale, 24 features of the GGD model from the two
finest scales, and 12 means of the magnitudes of curvelet
coefficients from the two coarsest scales.

6.3. Texture image database and feature database

We select 40 image textures from the VisTex databases
used in [44,45] for our experiments. Each of these
512�512 images is divided into sixteen 128�128 non-
overlapping subimages, thus creating a database of 640
texture samples. Each original image is treated as a single
class and therefore there are 16 samples from each of the
40 classes. To reduce the intensity correlation, all images
are normalized to have zero mean and unit variance.
For each image in the database, the UDCT curvelet
transform is applied. The RP matrix of each subband is
created as in (12), and their corresponding feature vectors
are computed.

6.4. Distance measure and query processing

The query pattern can be any one of the texture
patterns from the image database. The distances between
two magnitude feature vectors and two RP feature vectors
are computed as in [29] and the distance between two
GGD feature vectors is computed as in [44]. The distance
between two Vonn feature vectors fx and fy is given by

dðfx,fyÞ ¼
X

k

DKLðpð:;mkðxÞ,nkðxÞÞjjpð:;mkðyÞ,nkðyÞÞÞ, ð30Þ

where k is the index of subbands and the Kullback–Leibler
divergence DKL between two PDFs pðy;m1,l1Þ and
pðy;m2,l2Þ is defined as

DKLðP1jjP2Þ ¼

Z p

�p
pðy;m1,l1Þlog

pðy;m1,l1Þ

pðy;m2,l2Þ
dy, ð31Þ

and a numerical method with 128 bins is applied to
estimate this KLD.

For each query image, N nearest neighbors are
selected, and the number of these textures belonging to
the same class as the query texture, except for itself, is
counted. This number (less than or equal to 15) divided by
15 is defined as the retrieval rate. The performance of the
entire class is obtained by averaging this rate over the 16
members which belong to the same class of texture. The
average of all classes is the overall performance of the
method.

6.5. Experimental results

We compare our proposed GGD-Vonn feature using
the UDCT curvelet transform with the Gabor and CDFB. In
this experiment, all 24 subbands are used to form feature
vectors. If only the top 15 texture images nearest to
the query texture are considered, the GGD-Vonn gives the
best overall retrieval performance of 85.82% as shown in
Table 4. The CDFB-RP and the GGD are at 82.26% and
81.52%, while the magnitude based Gabor is at 80.81%.
Fig. 9 shows that the overall performance of the



Table 4
Average retrieval accuracy of 40 VisTex texture images using various

features.

Gabor GGD CDFB-RP GGD-Vonn

Feature type m, s a, b m, s a, b
m, s mc, sc m, l, m

Feature length 48 48 48 48

N = 15 80.81 81.52 82.26 85.82
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Fig. 9. Average retrieval rate according to the number of top images

considered when various features are used.

Table 5
Average retrieval rates over the whole database for various existing

methods.

Methods Feature length Rate (%)

Standard DWT: L1 + L2 18 64.83

GGD [44] 18 75.73

Scalar WD-HMM [45] 33 76.51

Vector WD-HMM [45] 41 80.05

DT-CWT + DT-RCWT [46] 80 81.16

GGD-WC [31] 48 85.64

GGD-Vonn 48 85.82
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GGD-Vonn model is consistently better than the others. It
is clear that the information gained from the Vonn phase
model raises the performance of the GGD-Vonn
significantly higher than those of other features.

The performance of our proposed method is also
compared with the performances of different existing
methods including energy based feature [46], GGD-based
feature [44], WD-HMM based feature [45] and GGD-WC
[31]. Simulation results in Table 5 show that our proposed
method is comparable with the GGD-WC method [31] and
outperforms the others. The feature vectors of all previous
methods are extracted from the magnitudes or the real
values of wavelet subbands, while the GGD-Vonn and
GGD-WC methods exploit phases of complex coefficients
and extract image information in both magnitude and
phase. The incorporated phase information which is
absolutely complementary to magnitude is the reason
why the new feature can achieve better performance than
the others.

7. Conclusion

A new probability density is proposed for modeling
relative phase distributions in the complex wavelet
domain with the assumptions of Gaussian as well as
Gaussian scale mixture model for real coefficients. Two
parameters of the new model are estimated using the
maximum-likelihood estimator. The Vonn distribution
captures the behaviors of relative phases from various
real images including texture images as well as standard
images in the complex wavelet domain quite accurately.
The simulation results show that the new model is more
accurate than the von Mises and wrapped Cauchy models
with various complex wavelet transforms including the
UDCT, the DTCWT, as well as the CDFB. Moreover, a new
image feature based on the Vonn model is proposed for
the texture image retrieval application. The proposed
feature captures nicely directional information from
texture images because a higher image retrieval accuracy
is achieved by using the new feature instead of using only
the magnitude or only the GGD model of real coefficients.
In addition to the GGD model of real coefficients, the Vonn
based phase information is incorporated to further
improve the performance. The Vonn distribution exploits
phase information in the complex wavelet domain and
can be useful in other signal and image processing
applications.

Appendix A. Derivation of gðkÞ (22) and guðkÞ (23)

Let xi ¼ cosðyi�m̂þpÞ. From (15), we have

l¼ logL¼
Xn

i ¼ 1

log
1�l2

2p �1:5logð1�l2x2
i Þ

þ log½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�l2x2

i

q
�lxicos�1ðlxiÞ�, ð32Þ

gðlÞ ¼
@l

@l
¼
Xn

i ¼ 1

1

1þl
�

1

1�l
�

1:5xi

1þlxi
þ

1:5xi

1�lxi
þ

buðl,xiÞ

bðl,xiÞ

ð33Þ

where

bðl,xiÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�l2x2

i

q
�lxicos�1ðlxiÞ, ð34Þ

and

buðl,xiÞ ¼�xicos�1ðlxiÞ: ð35Þ

guðlÞ ¼
Xn

i ¼ 1

�
1

ð1þlÞ2
�

1

ð1�lÞ2
þ

1:5x2
i

ð1þlxiÞ
2
þ

1:5x2
i

ð1�lxiÞ
2

þ
b00ðl,xiÞbðl,xiÞ�bu2ðl,xiÞ

b2ðl,xiÞ
, ð36Þ

where

b00ðl,xiÞ ¼
x2

iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�l2x2

i

q : ð37Þ
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Let

hðl,xiÞ ¼
xi

1þlxi
: ð38Þ

Substituting (38) into (33) and (36) gives (22) and (23).
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